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Abstract—We study the problem of downlink beamforming
for the Weighted Sum Rate maximization (WSR) of Multi-
User Multiple-Input-Single-Output systems with low-resolution
Digital-to-Analog Converters (DACs). The DACs, modeled as
quantizers, are performing a nonlinear operation on the signals
and are linearized using Bussgang decomposition and a linear
approximation of the covariance of quantized signals. For the
maximization of the WSR of the linearized system, we propose a
gradient-based solution and a lower-complexity heuristic solution,
based on the structure of the globally optimal solution. Through
numerical simulations, we show that taking quantization into
account in the filter design results in significant performance
improvement and that the heuristic solution achieves near-
optimal performance when a massive Multiple-Input-Multiple-
Output setup is considered, namely, when the number of transmit
antennas becomes much larger than the number of users.

I. INTRODUCTION

Researchers both in academia and industry have concen-
trated their efforts to the development of the S5th Generation
Wireless Systems (5G), which are expected to offer 1000
times higher mobile data volume per area and 10 to 100
times higher user data rate, at a similar cost and energy
dissipation as today [1]. Two key technologies, compatible
with and, maybe, complementary to each other, have received
voluminous attention and are serious candidates for adoption
in 5G. The first is the use of very large antenna arrays at the
base station to serve a comparatively smaller number of users,
a technique called massive MIMO [2] and the other is the use
of the millimeter-wave (mmWave) frequency bands (30 to 300
GHz), where the vast amount of available spectrum will allow
for higher data rates [3].

A major concern for the adoption of both technologies is the
power dissipation in the Radio Frequency (RF)-chains. On the
transmitter side, substantial portion of the power, especially
in the case of short-range communications, is consumed by
the Digital-to-Analog Converters (DACs). Moreover, the dis-
sipated power in the DACs increases when the number of RF-
chains increases (massive MIMO) and/or the sampling rates
are increased (mmWave). It becomes an issue that has to be
tackled to make these two technologies viable. The power
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consumed by a DAC has an exponential dependence on the
bit resolution b of the converter [4]: Ppac o 2°.

In order to tackle the DAC problem, two approaches have
been considered in the literature. The first approach is based
on the deployment of hybrid precoding schemes, with both
analog and digital processing blocks, which exploit the spatial
structure of the channel [5], [6]. The other approach is the use
of low resolution DACs. Systems with such DACs are usually
referred to as coarsely quantized systems, as the converters
are modeled as quantizers. In [7] and [8] modified linear and
non-linear transmit Wiener filter designs were proposed, taking
the low resolution DAC into account. In this work we take the
latter approach, but, instead of the minimization of the mean
square error, we focus on the maximization of the Weighted
Sum Rate (WSR) of Multi-User Multiple-Input-Single-Output
(MU-MISO) systems. Aiming to keep the complexity of the
precoding filter as low as possible, we restrict our attention to
the linear designs.

Linear downlink beamforming for WSR maximization un-
der a total power constraint is a non-convex optimization
problem [9], which has been extensively studied for the case
of unquantized systems. Its globally optimal solution has been
identified using the framework of monotonic optimization. In
[10] the outer polyblock approximation (PA) algorithm was
used, whereas in [11] the Brach-Reduce-and-Bound (BRB)
algorithm was used, having a better scaling with the number
of users than the PA algorithm. In [12] the system model is
extended to include transmitter and receiver hardware imper-
fections.

The complexity of both the PA and the BRB algorithm
increases exponentially with the number of users, which is
prohibitive for use in practical scenarios. Hence, these algo-
rithms can only be used as benchmarks for the evaluation of
lower-complexity suboptimal methods. A popular suboptimal
precoding strategy, considered in [12] and [13], is the weighted
Minimum Mean Square Error (MMSE) or Signal-to-Leakage-
and-Noise-Ratio (SLNR) solution, which balances the trade-
off between Signal-to-Noise-Ratio (SNR) and unintended in-
terference to other users. As shown in [12] and [13], for
systems where the number of transmit antennas is much larger
than the number of users, this beamforming strategy exhibits
near-optimal performance. Our main contribution is the deriva-
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Fig. 1. Downlink beamforming for a MU-MISO system under low resolution
DAC.

tion of a gradient-based and a low-complexity suboptimal
heuristic solution for coarsely quantized MU-MISO systems.

The rest of the paper is organized as follows: The quantized
system model is introduced in Section II, the design of an
optimal uniform quantizer is presented in Section III and the
linearized system model is derived in Sections ?? and V. In
Sections VI and VII the optimization problem is formulated
and solved. Finally, simulation results are presented in Section
VIIL

II. QUANTIZED SYSTEM MODEL

Figure 1 shows the channel model of the downlink of a
single-cell scenario, where base station (BS) has /N antennas
serving K single antenna users. The signal of each user z; €
C is precoded with a beamforming vector p, € C¥. The
precoded output vector u € CV is given as

K
uw=>Y pu; = Pz, ()

k=1
where P = [p;,py,...,pg] € CY*K and z =
[21,22,...,2x] € CK. Without loss of generality, the

variance of signal @y, is taken as E [z7] = 1.In our system, the
real parts u; g and the imaginary parts u; ; of the unquantized
precoded output u;,1 < ¢ < N are each quantized by b-bit
resolution quantizer. Thus the resulting quantized signal is read
as:

Uic:Q(ui,C):ui,c_'_qi,Cace{RaI}, ISZSN7 (2)

)

where Q(.) denotes the quantization operation. The signal
received by the k'" user takes the form

Y = b v + 1. 3)

Here v = [v1,v2,...,un] € CV, hy € CV is the channel
vector between the k™ user and the BS, and 7y, is the zero mean
additive white Gaussian noise with variance 07, = E [\nkﬂ

III. OPTIMAL QUANTIZER

Each quantization process is given a distortion factor p[(f’c)

to indicate the relative amount of quantization noise generated,
which is defined as follows

. Elq?.
p((;,c) — [ s } ]

Tu; cus e

“)

Here .y, ,u,, = E[u? ] is the variance of u; . and the distor-
tion factor p((f’c) which depends on the number of quantization
bits b, the quantizer type (uniform or non-uniform) and the
probability density function of u; .. The quantizer is designed
based on the minimization of the mean square distortion input

u;, and the output v; . of each quantizer, i.e.,
. 2 . 2
Aoptiﬁ = argmlnE [(vi,C — Ujc) } = arimlnE[qi,c} . B

Under this optimal design of the scalar finite resolution quan-
tizer, whether uniform or not, the following equations hold for
all 0 <i < N,ce {R,I} [Ref]:

E[qi,c] =0 (6)
Elvicqic] = 0 7
E[ui,cqi,c] = _pt(zl,(:)o-ii,c' (8)

where (8) results from (4) and (7). For the uniform quantizer
case, (6) holds only if the probability density function of w;
is even.

For large number of antennas, the quantizer input signals
u;, are approximately Gaussian distributed and thus, they
undergo nearly the same distortion factor pg, i.e., p((;’c) =
Pq, Vi, Ve. Now let, ¢; = g; r +]g;,7 the complex quantization
error, complex input u; = u; g + ju; 7 and complex output
v; = v; g + jv;, 1. Under the assumption of uncorrelated real
and imaginary part of wu;, we easily obtain:

E[Qi%ﬂ = PqTuu; (9)
= ]E[Uﬁqn = —PqTusu;- (10)

rqiql'
T“i(h

The distortion due to quantization operation on all the antennas
can be written in vector form as

(11

qg=v—u.
IV. COMPUTATION OF COVARINCE MATRICES

In order to derive the linearized system model for an
uncorrelated quantization noise in (3), we need the convariance
matrices involving unquantized input w, quantized outptut
signal v and distortion q. Using (11), the covariance matrices
can be written as

R,, = E[(u+q)(u"+q")]
= Ryu+ Rug+ Ry, + Rgq (12)
Ryv = Elu(u"+¢")] = Ruyu+ Ruq. (13

Hence, R, q, Rqq and R,4 have to be computed. For ¢ # j
[Ruq]ij = Tuq; = E[“iqﬂ
= By, [Bluidfluy]]
= Ey, [Efuilw]E[qf]u;]]
~ Euj |:Tuiuj T;jluj u]E I:Q; |u]:|:|
= Tuuy Tl:jlu_j E [ujq;]

(14)

- _pqruiu]w



where (a) results from the fact that that the quantization
error ¢;, conditioned on wu;, is statistically independent from
all other random variables, (b) follows by approximating the
Bayesian estimator with the linear estimator (which is accurate
if w is jointly Gaussian distributed) and (c) follows from (8).
Hence, from (8) and (14) we get
Ruq = _quuu~ (15)
Therefore
R’U/U

(1 — pq) Ruu - OéqRuuy (16)

where a; =1 — p,. Similarly, for ¢ # j
[qu]ij = Tqq = E[qlqﬂ
= B [Efng] ]
= Ey, [Elgl|us] E[g]|uy]]
~ ]Euj [TQin r;jl’ll/]' qu [q; |UJH
= Tu, r;jluj E [u; q;‘]
—pq (Elu;q;])”

*
I (7p(lruj“i) = p(QIT:jUi = p(21r“i“j' a7

= —PqTqiu; = _pqE [qlu;] =
So, from (4) and (17)

Ryqq ~ pgdiag(Ruy) + p;nondiag (Ryw)

= quuu - (1 - pq) Pq nondiag (Ruu)
= pgRuw — agpgnondiag (Ry.,) (18)
From (12), (15) and (18) we obtain
R,, otg (Ryn, — pgnondiag (Ryy,))
= OégRuu + agpq diag (Ruu) - (19)

V. LINEARIZED SYSTEM MODEL USING BUSSGANG
DECOMPOSITION

According to the Bussgang theorem [14], a nonlinear func-
tion with Gaussian input can be approximated by a linear
function consisting of a linear transformation of the input
signal and an additive distortion that is uncorrelated with
the input. Hence, for the quantizer Q(-) with input w ~
CN (0, Ry.) € CV we can write

Q(u)
= Au+q.

v o=
(20)

The Bussgang decomposition of the quantizer is depicted in
Fig. 2. A can be computed from the requirement that the
distortion is uncorrelated with the input:

E[{]’U,H] = ONxNéE[(vau)uH] =0nxnN
= A=R,.R,.=R.,"R,.

= a,ly. 1)

Y1
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Fig. 3. Linearied model of a coarsely quantized MU-MISO system.

The covariance of the distortion ¢ reads as

R;; = E [(v — Au) (vH - uHAH>]
= Ry~ Ru,"A" - AR, + AR, A"
= Ryv— Ruv"Ruu 'Rus
= agRuu + agpg diag (Ryw)
= aypgdiag (Ryw) -

2
—ag Ry

(22)

Note here that, although the covariance matrix of the distortion
q is known, its distribution isn’t. The linearized system model
(3) with an uncorrelated quantization noise by using Bussgang
decomposition yields

K
ur = hy; <aq > i+ fI) + 1, (23)
i=1
with
(22) .
Rig ~ agpgdiag (Ryw)
= agp,diag (PPH) , (24)

and it is depicted in Fig. 3.

VI. OPTIMIZATION PROBLEM

Our aim is to find the beamforming vectors that maximize
the WSR of the system under a transmit power constraint:

K

max Zwkl (g3 y) st E[Hng} < B (25
{pk}k:1 k=1

We can’t write an analytically tractable expression for the
rate I (zg;yx) = h(yx) — h(yk|zk) of user k, but, assuming



Gaussian input x, we can derive a lower bound for it. First,
h(yx|xk) can be upper bounded as follows:
xk>

K
h (yklze) = h (h;f (aq Zpﬂ?i + fI) + 0k

=1
K
=h h;f Qg Z Pi%i +q | + M| 2k
i=1,i#k
K
<h|hilag Y pwi+al| +m
i=1,i#k
=hnk), (26)

where equality holds if ¢ and x; are independent. Now,
knowing that, under second moment constraints, the Gaussian
distributed noise is the mutual information minimizing [15],
we assume the quantization noise, and, hence, the effective
noise 7, to be Gaussian distributed to get

I (zk;yp) > logy (meoy, ) —log, (77607270 (27)
with
K 2
o =aly ]thi +hy Rggh™ + 02, (28)
z:l}( .
oy =ap Y ‘h}fpi +hRggh* + 02, (29)

i=1,i#k

Finally, instead of maximizing the actual WSR, we maximize
the sum of the lower bounds, or else, the lower bound on the
WSR:

K
max Zwk log, (1 4+ SIDNRy) s.t. E {||v||§} < P,

{Pk}le k=1

(30)

where
2
0‘3 h;fpk‘
SIDNRy = (31)

2 T *
+ h’k R[ﬁ]h + U%k

K T
0% Zi:l,iyﬁk ‘h’k p;

This problem is non-convex as it has a non-convex objective
function. Note that the Karush-Kuhn-Tucker (KKT) conditions
are necessary for the optimal solution, as the constraint is
convex.

VII. SOLUTION TO OPTIMIZATION PROBLEM

In this section, first the globally optimal solution of the
problem (30) is discussed and then two suboptimal solutions
are presented.

A. Optimal Solution

The elements of the (diagonal) covariance matrix of the
distortion can be expressed as

[Ragl,, = aape [ TuPls, n=1,...,N, (32)

where T',, = eneg and e, is a vector whose n-th entry is
equal to 1 and the rest are equal to zero. The power of the
transmit signal v can be written as

E |:||’UH§:| =tr (aiRuu + qu)

K N
2 2
= a2 llpells + agpg Y ITWPIlE . (33)
k=1 n=1

Introducing the auxiliary variables v,k = 1,..., K and
tn,m = 1,...,N and observing that the phase of vy can
be selected arbitrarily, the optimization problem (30) can be
reformulated as

K
max wg logy (1 + i) (34a)
P (e ; ’
K 2 N 2
sty | a2 Z ‘h;fpi + Z 2 |hie,| + on,
i=1 n=1
i
< |0 (i) v, (34b)
Tk
S {hgpk} —0,VE, (34¢)
K N
ag > lIprlls + agpg D ITnPlly < Pry  (34d)
k=1 n=1
VPq || ThP|lp < ty,Vn, (34e)

where (34b), (34d) and (34e) are met with equality at the
optimal point. As already mentioned, (34) is a non-convex
monotonic optimization problem, that can be optimally solved
using the BRB algorithm [12]. Getting into the details of this
algorithm is outside the scope of this work, but it suffices to
say that, exploiting the monotonicity of the objective function,
it approximates the Pareto boundary around the optimal solu-
tion. The Pareto boundary is identified by solving at each iter-
ation a series of quasi-convex optimization problems, whose
constraints are identical to those of (34). The complexity of
the algorithm scales exponentially with the number of users,
hence it is inapplicable to practical scenarios and can only be
used as a benchmark. Therefore, suboptimal alternatives have
to be considered.



B. Gradient-based solution

We first rewrite the term corresponding to quantization
distortion in the denominator of SIDNR;, as

K
O‘qpqhg diag (Z pisz> hy,

i=1

K
= Qgpg tr (hZhE diag (Z Pz'p?> >

i=1

K
= Qgpqtr (diag (h}ihg) ZPJ%H)

hi Ragh™ =

K
= agpy y_pldiag (RiRT )P G39)
i=1
where the trace identities tr(AB) = tr(BA) and
tr (A diag(B)) = tr (diag(A)B) were used. Now (28) and
(29) can be rewritten as

K

azk =Qq ZP? (hZhE — pqg nondiag (h,ﬁh}f)) p; + 072]k
i=1

(36)

(37

O'/—O'

727k - ’hkpk‘ :
According to (27), the lower bound on the WSR can be
expressed as

S = iwk (log2 (ﬂ'eaik) —log, (77603;)) (38)

k=1

and its gradient is found to be

hkh

oS 1 |wk Oéq
op;, "2

(hthT — pg nondiag (hfh?))}pk. 39)
We express the power of the transmit signal as
E [||'u||§} =tr (agPPH + agp, diag (PPH>)
=tr (aqPPH — agpg nondiag (PPH))

= agtr (PPH) . (40)
Using (39) and (40), a locally optimal solution can be obtained
through the gradient projection algorithm described in Fig. 4.

C. Heuristic solution

Considering again the optimization problem as posed in
(30), with the power of the transmit signal expressed as in
(40), the dual feasiblilty KKT condition of the problem is
expressed as

oS !
2 agpy =0, >0, k=1,... K (4l
apk 'k

Input: [L>0,€>07P,P01d2 ||P—P01d||F>6
1: while ||P — Pyql|p > € do
2: Poyy=P

3: fork—ltoKdo
4 Py < Py + #dp
5:  end for
. P,
6: Cn A ag tr(PPH)
7. P+ (, P
8: end while

Output: P

Fig. 4. Gradient-projection algorithm for the computation of a locally optimal
solution

Using (39) and after some algebraic manipulations, we get

Ve (14 35 Ml ramiatin))

=1 i
b= K N _ —1 )
Ai(H;—pg nondiag( H; *
(IN+Z ( by no g ))) h;
i=1 i 9

(42)

where H, = hjh} and

Wi (ng — 0127,) J%k
A = >0 (43)
p'ayl. 77 n
2
wraghy P
P, = ( k (12k k)
MJW;C
~ ~ _1 2
K )\ (Hl — pgnondiag (Hz))
I+ Z P hk
i=1 i

2
(44)

Similarly, to [13], we have now identified the structure of the
optimal solution.

The computational complexity of the problem is not re-
duced, as the computatlon of the optimal Lagran Kglan mul-
tipliers {)\k}k , and the power allocation {Pj},_, is still
NP-hard, but we now know the structure of the solution and
we can use it to derive a suboptimal heuristic solution. In the
previous section we found that Zszl A = qq 25:1 ||p,€||§
and since ay Zszl ||pk||§ = P, at the optimal point,

K
DM o= P
k=1

Instead of finding the optimal Lagrangian multipliers we set

A = A = P, /K, Vk. The resulting beamforming vectors are
-1

K [T, —p, nondiag( H ; !
[1N+ 5o DelHizponond g(H”] hi
i=1

Ko’fli
= VP,

(45)

K ] P . N ~.
\/P7k |:IN + Z P!I(Hz P(IKTl;;:élag(H

i=1

PwwrQ,k




We name the solution TXWWEFQ, as the beamforming direc-
tions are identical to those of TxWFQ [7], but their weights
are different. The power assigned to each user Py still has
to be computed. The optimization problem in (30) becomes a
power allocation problem

K
I 1 IDNR
K ;wk 0g (1 + SIDNRy,)
K
st ag» P< Py
k=1
P.>0k=1,..., K, (47)
where SIDNRy, is given as
SIDNR;, = PGy
oo |2
Py aqh'kpk‘
= — T (48)
S |aghThi| + bl Rogh + o2,
i=1,i#k

Unfortunately, for the WSR maximization, the power alloca-
tion problem is still NP-hard [12]. Therefore, we have to use
a heuristic scheme for the power allocation, too. Similarly to
[12], neglecting interference and quantization noise, the prob-
lem becomes convex and is easily solved using the waterfilling
algorithm.

VIII. SIMULATION RESULTS

We now wish to compare the algorithms for the maximiza-
tion of the WSR. We consider the heuristic solution taking
quantization into account TxWWEFQ, the heuristic solution
not taking quantization into account, presented in [13], which
we will refer to as TXxRZFBF, the gradient-based solution
and the optimal solution obtained by the BRB algorithm. In
our simulations all users have equal weight and equal noise
variance.

First, a strict MIMO setup is considered, where the transmit-
ter has N = 4 antennas, 1-bit DAC and serves K = 4 users.
In Fig. 5 the lower bound on the sum rate with Gaussian input
is plotted as a function of the SNR The results presented in
this figure are for only 1 channel realization, due to the fact
that the computation of the optimal solution with the BRB
algorithm is extremely time-consuming. The gradient based
solution performs approximately as well as the optimal, but
this is not necessarily true in general. Also, it clearly outper-
forms TxWWEFQ, but this comes at a higher computational
cost. In addition, the heuristic solution TXWWFQ, compared
to TxZFBF, with which the have the same computational
complexity, offers a significant performance improvement. The
observations made here regarding the suboptimal solutions are
still valid when averaging over 1000 channel realizations.

Keeping all other parameters fixed, we increase the number
of transmit antennas to N = 32 and we plot again in Fig.
6 the lower bound on the sum rate with Gaussian input. We
can see that, expect for the TXRZFBF solution, all the rest
result in a roughly equal performace. Again, this statement is

5 T T T T T T
—0— TxRZFBF
= —— TXWWEFQ
,é‘ 4 Gradient-based .
— —¢— Optimal
a7 ‘ ‘
z
| O
° 3
k=
S
£
T 2f 1
5
o)
st
o)
s |
o)
—
K
0 I I I I I I
—-15 —-10 -5 0 5 10 15 20

Py /o [dB]

Fig. 5. Lower bound on the sum rate with Gaussian input vs SNR for a
MU-MISO system with N = 4 transmit antennas, 1-bit DAC and K =
4 single-antenna users: TXRZFBF, TxWWFQ, gradient-based solution and
optimal solution.

16 T T T T T T

—0— TxRZFBF

14 || —3— TXWWFQ
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—¢— Optimal
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0 | | | | | |
-10 =5 0 ) 10 15 20
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Fig. 6. Lower bound on the sum rate with Gaussian input vs SNR for a
MU-MISO system with N = 32 transmit antennas, 1-bit DAC and K =
4 single-antenna users: TXRZFBF, TXWWFQ, gradient-based solution and
optimal solution.



still valid for the suboptimal solutions when the results are
averaged over 1000 channel realizations. Hence, for massive
MIMO setups, the TXWWFQ solution is the most preferable
one, as it offers near-optimal performance with a significantly
lower computational cost.

IX. CONCLUSIONS AND FURTHER WORK

In this paper we have derived two suboptimal beamforming
solutions for the maximization of the WSR of a MU-MISO
system with low-resolution DACs. We have shown the heuris-
tic solution, that takes quantization into account and whose
beamforming directions coincide with those of the modified
Wiener filter presented in [7], offers a significant performance
improvement compared to the one that doesn’t take quanti-
zation into account. For systems with large transmit antenna
arrays this solution achieves a near-optimal performance.

In the final version of this work we plan to include results
for the actual WSR of the system, when the input symbols
are drawn from a finite constellation. Also, focusing on
massive MIMO setups, we aim to compare the linear schemes
presented so far with non-linear schemes, such as Dirty Paper
Coding. The important question that will be addressed is
whether the non-linear precoding strategies can offer higher
rates when coarsely quantized systems with very large antenna
arrays are considered
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